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We show that in the presence of magnetic field, two superconducting phases with the center-of-
mass momentum of Cooper pair parallel to the magnetic field are induced in spin-orbit-coupled
superconductor Li2Pd3B. Specifically, at small magnetic field, the center-of-mass momentum is
induced due to the energy-spectrum distortion and no unpairing region with vanishing singlet corre-
lation appears. We refer to this superconducting state as the drift-BCS state. By further increasing
the magnetic field, the superconducting state falls into the Fulde-Ferrell-Larkin-Ovchinnikov state
with the emergence of the unpairing regions. The observed abrupt enhancement of the center-of-
mass momenta and suppression on the order parameters during the crossover indicate the first-order
phase transition. Enhanced Pauli limit and hence enlarged magnetic-field regime of the Fulde-Ferrell-
Larkin-Ovchinnikov state, due to the spin-flip terms of the spin-orbit coupling, are revealed. We
also address the triplet correlations induced by the spin-orbit coupling, and show that the Cooper-
pair spin polarizations, generated by the magnetic field and center-of-mass momentum with the
triplet correlations, exhibit totally different magnetic-field dependences between the drift-BCS and
Fulde-Ferrell-Larkin-Ovchinnikov states.
PACS numbers: 74.25.-q, 71.70.Ej, 74.81.-g, 74.25.Dw
I. INTRODUCTION
Ever since the Bardeen, Cooper and Schrieffer (BCS)
mechanism of superconductivity was proposed,1 it is well
established that the Cooper pair in conventional super-
conductors such as Al, Pb and Nb, is formed by two
electrons with opposite momenta and spins near the
Fermi surface. Together with the conventional s-wave
attractive potential, spatially uniform singlet order pa-
rameter is realized. After that, possibility of uncon-
ventional Cooper pairing together with the correspond-
ing nontrivial superconductivity has attracted much at-
tention. Specifically, in spin space, from the symme-
try analysis, triplet superconductivity with Cooper pair
formed by electrons with the same spin and opposite mo-
menta is theoretically revealed in systems with the bro-
ken space-inversion symmetry.2–12 Recently, this possi-
bility has been primarily realized in noncentrosymmetric
superconducting material Sr2RuO4,
13–20 and the ongoing
experimental evidence makes such material a promising
candidate to realize non-dissipative spin transport and
hence spintronic application.21–30
With attention attracted to the orbital degree of free-
dom of the pairing, another class of unconventional su-
perconducting state, characterized by singlet Cooper
pairs with a finite center-of-mass (CM) momentum, is
expected at large magnetic field. This was first predicted
by Fulde and Ferrell (FF)31 and a little later by Larkin
and Ovchinnikov (LO)32 independently in 1960s. Specif-
ically, the presence of the magnetic field leads to the
mismatched Fermi surfaces for spin-up and -down elec-
trons, and consequently, near the corresponding Fermi
surfaces, there exist unpairing regions in which the elec-
tron can not find the pairing partner with opposite mo-
mentum and spin to form into a Cooper pair. Particu-
larly, when the magnetic field exceeds a critical strength,
by inducing a finite CM momentum of the Cooper pair,
the magnitudes and orientations of the momenta be-
tween the pairing electrons can both be different. Then,
the pairing region between the spin-up and -down elec-
trons is maximized, leading to the free energy mini-
mized. In this situation, with the rotational symmetry of
the system with respect to the CM-momentum orienta-
tion, FF proposed an order-parameter ∆(r) = ∆0e
iq·r
with the inhomogeneously broadened phase but spa-
tially uniform amplitude31 whereas LO referred to an-
other order-parameter ∆(r) = ∆0 cos(q·r) which shows
the uniform phase but spatially nonuniform amplitude.32
These two types of the order parameters, now both re-
ferred to as the FFLO state,33,34 have attracted tremen-
dous theoretical and experimental efforts for decades to
prove their existence. Examples include superconduct-
ing heavy fermion35–43 and ultracold atom44–52 systems,
multi-band Fe-based superconductors53–56 as well as the
organic superconductors.57–64 However, up till now, the
conclusive experimental evidence is still missing.
The experimental difficulty arises from several dif-
ferent aspects. Specifically, from the FFLO theory,
the FFLO state occurs in a very narrow magnetic-field
regime,31,33,34 leading to the stringent experimental re-
quirement. The unavoidable disorder in systems may
also destroy the induced CM momentum of Cooper
pair and hence the FFLO state.42,65,66 Moreover, in
most superconducting materials, the destruction of su-
perconductivity comes from the orbital effect of the
magnetic field.33,34,67,68 Weak orbital depairing effect of
the magnetic field is required so that the superconduc-
tivity can survive the transition from the BCS state
2into the FFLO one. Consequently, very few supercon-
ducting materials have been found as possible candi-
dates for the occurrence of the FFLO state, such as su-
perconducting heavy fermion material35–43 and organic
superconductors57–64 mentioned above. Particularly, a
magnetic-field-induced superconducting phase in heavy-
fermion compound CeCoIn5 was reported from the ther-
modynamic experiments,35–40 which is claimed to be the
FFLO state and more microscopic experimental confir-
mation is still in progress.
Furthermore, it is reported that the anisotropic Fermi
surface is favorable for the stability of the FFLO state.69
After that, the spin-orbit-coupled superconductors at-
tract much attention, since the interplay between the
spin-orbit coupling (SOC)70–72 and magnetic field can
lead to a marked mismatch of the energy spectra be-
tween spin-up and -down electrons as well as the Fermi
surfaces.73 During the last several years, there in-
deed have been several theoretical reports in spin-orbit-
coupled ultracold atomic gases74–81 and indirect exper-
imental evidences from superconducting systems with
SOC82–85 indicating the existence for the FFLO state
by the magnetic field. Specifically, with SOC and mag-
netic field, the FFLO state with induced CM momen-
tum is theoretically predicted by Zheng et al..74 Enlarged
magnetic-field regime of the FFLO state due to the en-
hanced Pauli limit is also revealed in their work, in accord
with the experiments.82–85 After that, according to the
quasiparticle energy spectra, the FFLO state with SOC
is further divided into gapped and gapless ones, which oc-
cur at small and large magnetic fields, respectively.75–78
Moreover, it is also reported that the magnetic field
and SOC break the rotational symmetry with respect
to the CM-momentum orientation, and then CM mo-
menta parallel75 and perpendicular81 to the magnetic
field are predicted in the FFLO states with Dresselhaus
and Rashba SOCs, respectively. Furthermore, by the
determined CM-momentum orientation, it is proposed80
that the FF phase can be enhanced over the LO one.
However, the theoretical works above are based on the
numerical calculation of the free-energy minimum with
respect to CM momentum and order parameter, since it
is difficult to directly obtain the gap equation by analyt-
ically diagonalizing Hamiltonian with SOC. Therefore,
with the numerical difficulty from multi-variable mini-
mum problem, specific behaviors of the superconducting
state around phase transition are unclear in the litera-
ture. The pairing mechanism and microscopic properties
including singlet correlation are also beyond this method.
Particularly, study of the unpairing regions with van-
ishing singlet correlation, which are the hallmark of the
FFLO state,31 is still absent.
In this work, we systematically investigate the prop-
erties of the FFLO state with an induced CM momen-
tum in the spin-orbit-coupled superconductors with the
magnetic field. Specifically, by analytically obtaining the
anomalous Green function, we derive the singlet cor-
relation and hence the gap equation. Then, by self-
consistently solving the gap equation, the superconduct-
ing state and its corresponding properties can be deter-
mined by numerically calculating the energy minimum
with respect to a single parameter, i.e., the CM momen-
tum. We further carry out the numerical calculation
in superconductor Li2Pd3B
86–91 where strong Dressel-
haus SOC87,88 and conventional BCS superconductivity
at zero magnetic field86,90,91 are realized.
The calculation shows that with the SOC, the CM
momentum parallel to the magnetic field is induced at
small field, similar to the gapped FFLO state mentioned
above.75–78 Nevertheless, with an induced CM momen-
tum in this case, no unpairing region with vanishing
singlet correlation is developed. This is very different
from the conventional FFLO state without SOC, where
the CM momentum is induced simultaneously with the
emergence of the unpairing regions.31 By looking into
the pairing mechanism, it is further shown that the in-
duced CM momentum with SOC at small magnetic field
is due to the energy-spectrum distortion, resembling the
intravalley pairing in graphene92 and transition metal
dichalcogenides,93 and hence has different origin from
the case in conventional FFLO state.31 Therefore, it is
more appropriate to refer to such superconducting state,
in which the CM momentum of the Cooper pair is in-
duced but no unpairing region is developed, as the drift-
BCS state. By further increasing the magnetic field,
abrupt enhancement of the CM momenta and suppres-
sion on the order parameters are observed, meaning the
occurrence of the first-order phase transition. Particu-
larly, after the transition, we find that unpairing regions
with vanishing singlet correlation are induced, indicat-
ing the emergence of the FFLO state, resembling the
conventional FFLO one.31 We show that the emerged
FFLO state here corresponds to the gapless one men-
tioned above.75–78 Enhanced Pauli limit and hence en-
larged magnetic-field regime of the emerged FFLO state
by SOC are also observed in our work. We further show
that the enhancement of the Pauli limit is due to the
spin-flip terms of the SOC, which suppress the unpair-
ing regions. Finally, we discuss the triplet correlations
induced by the SOC,4,7,11,12 and show that the Cooper-
pair spin polarizations,2,3,94,95 which are predicted to be
induced by magnetic field and CM momentum in the
presence of triplet correlations,95 exhibit totally different
magnetic-field dependences between the drift-BCS and
FFLO states. This provides an experimental scheme to
distinguish these two phases through the reported mag-
netoelectric Andreev effect,94–96 in addition to the phase
transition.
This paper is organized as follows. In Sec. II, we intro-
duce our model and present the calculation of the energy
for superconducting state. The specific numerical results
in Li2Pd3B and analytic analysis are presented in Sec.
III. We summarize in Sec. IV.
3II. MODEL
In this section, we first present the Hamiltonian of the
spin-orbit coupled s-wave superconductor in the presence
of the magnetic field. Then we give the gap equation and
lay out the calculation of the energy for the supercon-
ducting state.
A. HAMILTONIAN AND GAP EQUATION
With the magnetic field and CM momentum of
Cooper pair, by defining the Nambu spinors Φˆk =
[φ↑k+q, φ↓k+q, φ
†
↑−k+q, φ
†
↓−k+q]
T , we present the Hamilto-
nian HS of the spin-orbit-coupled s-wave superconductor
as:12,31,95
HˆS =
1
2
∫
dkΦˆ†kHˆs(k)ρ3Φˆk, (1)
with
Hˆs(k) =
(
ξk+ +Ωk+ · σ ∆qiσ2
∆∗qiσ2 ξk− +Ωk− · σ
)
. (2)
Here, ρ3 = σ0 ⊗ τ3; σi and τi stand for the Pauli
matrices in spin and particle-hole spaces, respectively;
k± = ±k+ q with q standing for the CM momentum;
ξk = εk − EF and εk = k2/(2m∗) with m∗ being the
effective mass of electrons in superconductor and EF de-
noting the Fermi energy; Ωk = hk+hB with hk and hB
representing the SOC and Zeeman energy, respectively;
∆q = −V
∑′
k〈φ↑k+qφ↓−k+q〉 stands for the order pa-
rameter of the superconducting state in the momentum
space; 〈 〉 stands for the ensemble average; V is the con-
ventional s-wave attractive potential in superconductors.
It is noted that the order parameter at this case can be
transformed into the FF form31 ∆(r) = ∆qe
iq·r in real
space.
In Nambu⊗spin space, the equilibrium Green
function97–99 in the momentum space is given by
Gq(k, τ) = −ρ3〈Tτ Φˆk(τ)Φˆ†k(0)〉, (3)
where Tτ represents the chronological-ordering operator;
τ is the imaginary time. By expressing
Gq(k, τ) =
(
gq(k, τ) fq(k, τ)
f †q(−k, τ) g†q(−k, τ)
)
, (4)
one can obtain the normal Green function gq(k, τ) and
anomalous Green function fq(k, τ).
4,97–99
Then, in the Matsubara representation97–99 Gk(iωn) =∫ β
0
dτeiωnτGk(τ), from the Gor’kov equation:
100
[iωnρ3 −Hs(k)]Gq(k, iωn) = 1, (5)
one has
(iωn − ξk+ −Ωk+ · σ)fq(k, iωn)−∆qiσ2g†q(k, iωn) = 0,
(6)
−∆∗qiσ2fq(k, iωn)+(iωn−ξk−−Ωk− ·σ)g†q(k, iωn) = 1.
(7)
Here, β = 1/(kBT ) with kB being the Boltzmann con-
stant and T representing the temperature; ωn = (2n +
1)pikBT are the Matsubara frequencies with n being in-
teger.
Following the previous work,95 through multiplying
Eq. (7) by iσ2 from the left side, one immediately has
∆∗qfq(k, iωn)+(iωn−ξk−+Ωk− ·σ∗)iσ2g†q(k, iωn) = iσ2.
(8)
Then, by using Eq. (6) to replace iσ2g
†
q(k, iωn) in Eq. (8),
the anomalous Green function can be obtained:
fq(k, iωn) = [f
s
q(k, iωn) + f
t
q(k, iωn) · σ]iσ2, (9)
with the singlet f sq(k, iωn) and triplet f
t
q(k, iωn) =
(
f↓↓−f↑↑
2 ,
f↓↓+f↑↑
2i , f↓↑+↑↓) pairings
101,102 written as:
f sq(k, iωn) =
∆q
wq(k, iωn)
[(iωn − ξk+)(iωn + ξk−)
+Ωk+ ·Ωk− − |∆q|2], (10)
f tq(k, iωn) =
∆q
wq(k, iωn)
[(iωn − ξk+)Ωk− + (iωn
+ ξk−)Ωk+ − iΩk+ ×Ωk− ], (11)
wq(k, iωn) =
∏
µ=±
(iωn − Eeµk)(iωn − Ehµk). (12)
E
e(h)
µk (µ = ±) stand for the quasiparticle electron
(hole) energy spectra in superconductors, which can be
obtained from the solutions of equation |f sq(k, ω)|2 −
|f tq(k, iω)|2 = 0 with respect to ω.
With the anomalous Green function, the singlet ρsq and
triplet ρtq = (
ρt
s=−1−ρ
t
s=1
2 ,
ρt
s=−1+ρ
t
s=1
2i , ρ
t
s=0)
101–103 corre-
lations are defined as
ρsq(k) = −
1
β
∑
iωn
f sq(k, iωn), (13)
ρ
t
q(k) = −
1
β
∑
iωn
f tq(k, iωn). (14)
Then one immediately has the gap equation:100
∆q = V
∑
k
′
ρsq(k). (15)
Here, the summation is taken for the values of k satis-
fying |E↑k − EF | < ωD and |E↓k − EF | < ωD where
E↑(↓)k is the energy of spin-up (-down) electron with the
momentum k; ωD stands for the Debye frequency. It
is noted that due to the conventional s-wave attractive
potential, only singlet order parameter exists. Then, by
self-consistently solving Eq. (15), the order parameter ∆q
at fixed CM momentum of Cooper pair q is obtained.
4B. GROUND-STATE ENERGY
Following the previous work by FF,31 by replacing the
s-wave attractive potential V with an effective one λ in
Eq. (15), an potential-dependent order parameter ∆q(λ)
can be immediately obtained by self-consistently solving
Eq. (15).
Then, by neglecting the Fock energy of the normal
state, based on Feynman-Hellmann theorem
∂λE = 〈∂λHs(λ)〉 = −|∆q(λ)|
2
λ2
, (16)
the expectation value of the energy difference between the
superconducting state ESq and normal one E
N is given
by
δEq = E
S
q − EN = −
∫ V
V0
dλ
|∆q(λ)|2
λ2
, (17)
where V0 is the effective attractive potential at the tran-
sition point between the superconducting state and the
normal one [∆q(V0) = 0]. Then, by calculating the min-
imum of δEq with respect to a single parameter, i.e., the
CM momentum q, the properties of the superconduct-
ing state including the CM momentum, order parame-
ter, quasiparticle energy spectra, singlet and triplet cor-
relations can all be determined. Particularly, it is noted
that through self-consistently solving the gap equation in
our work, the numerical difficulty from the multi-variable
minimum problem mentioned in the introduction is re-
duced, leading to more accurate results.
TABLE I: Parameters used in our calculation. Note that m0
stands for the free electron mass. ∆0 is the order parameter
at T = 0 K without magnetic field. V is obtained by fitting
∆0. kF is the largest momentum with the Fermi energy in
the absence of the magnetic field.
m∗/m0 3.049
a EF (meV) 70
a
∆0 (meV) 1.2732
b ωD (meV) 38.088
b
γ (meV·A˚) 23.28a T (K) 0
V (meV) 0.218 kF (A˚
−1) 0.246
a Refs. 86. b Ref. 87.
III. NUMERICAL RESULTS
In this section, by numerically solving Eq. (17), we dis-
cuss the properties of the superconducting state in spin-
orbit-coupled superconductors. The specific numerical
calculation is carried out in the material Li2Pd3B,
86–91
in which the conventional s-wave BCS behavior87,88 and
strong SOC86,90,91 have been realized. The SOC in
Li2Pd3B has the Dresselhaus form hk = γk,
90,91 in con-
sistence with the cubic symmetry. All the material pa-
rameters used in our calculation are listed in Table I. The
magnetic field is chosen along the z direction.
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FIG. 1: δEq versus longitude θ (with respect to hB) and
magnitude q of the CM momentum at (a) hB = 0.6∆0, (b)
hB = 0.9∆0, (c) hB = 1.0∆0 and (d) hB = 1.2∆0. q0 =√
2m∗(EF + hB)−
√
2m∗(EF − hB).
A. Orientation of CM momentum and Pairing
Mechanism
We first focus on the CM-momentum dependences of
the energy of the superconducting state at different mag-
netic fields. We find that the energy difference δEq be-
tween the superconducting state and normal one always
shows isotropy with respect to the latitude of the CM mo-
mentum around the magnetic field (not shown). This is
due to the spatial-rotational symmetry around the mag-
netic field of the system. Then, δEq as function of the
longitude θ (with respect to the magnetic field) and mag-
nitude q of the CM momentum are plotted in Fig. 1 at
different magnetic fields. As seen from the figure, in the
presence of the magnetic field, the minimum of δEq is
always reached at finite q with θ = 0 (z direction). This
indicates that a CM momentum parallel to magnetic field
is induced in the superconducting state in the presence
of the magnetic field and SOC, similar to the previous
work with the same Dresselhaus SOC.75 Small and large
CM momenta are observed before [Figs. 1(a) and (b)]
and after [Figs. 1(c) and (d)] hB = ∆0 here, respectively.
Particularly, with the determined orientation according
to the energy minimum, the induced CM momentum is
inherently robust against the impurity scattering.
To illustrate the pairing mechanism, we further plot
the energy spectra of spin-up and -down electrons along
the kz direction (magnetic-field direction) with and with-
out magnetic field in Fig. 2. As seen from the figure,
without the magnetic field, the SOC leads to the oppo-
site shifts of the energy spectra between spin-up (red solid
curve) and -down (blue dotted curve) electrons along the
kz direction. Then, the magnetic field causes the oppo-
site energy shifts of the energy spectra between spin-up
5-0.4
-0.2
 0
 0.2
 0.4
-0.1  0  0.1
Ekz
kz/kF
21 3 4EF
hB≠0 ⇑
⇓
hB=0 ⇑
⇓
FIG. 2: Energy spectra of spin-up and -down electrons along
kz direction. Dashed and chain curves: SOC and magnetic
field are both included; Solid and dotted curves: only SOC
in included. The horizontal dotted line indicates the Fermi
surface. Circles (Squares): type I (II) pairing formed by spin-
up electron 1 (3) and spin-down one 4 (2).
(red dashed curve) and -down (blue chain curve) elec-
trons. In this situation, by assuming the Debye frequency
ωD = 0, the Cooper pairing only occurs at the Fermi
surface, as shown in Fig. 2. Then, there exist two possi-
ble types of Cooper pairings: type I, formed by spin-up
electron 1 (with −kI + q) and spin-down one 4 (with
kI + q) in Fig. 2 in favor of the CM momentum q = qcz
(qc =
√
|m∗γ|2+2m∗(EF+hB)−
√
|m∗γ|2+2m∗(EF−hB)
2 ); type
II, formed by spin-up electron 3 (with kII + q) and spin-
down one 2 (with −kII + q) in Fig. 2, in favor of the
CM momentum q = −qcz. Nevertheless, from Fig. 1,
the CM momentum q is along the z direction, as men-
tioned above. This indicates the type I pairing makes
the leading contribution in the determination of the CM
momentum.
The leading role of type I pairing can be understood as
follows. On one hand, the relative momentum kI in type
I pairing is larger than kII in type II one. Then, with
the larger relative momentum k and hence larger density
of states in Eq. (15), type I pairing makes the leading
contribution to the summation with respect to the mo-
mentum space. On other hand, from the framework of
the Ginzburg-Landau theory, the free energy densities of
superconducting system reads
F = α|ψ(r)|2 + η
2
|ψ(r)|4 + 1
2m
[Πψ(r)]∗[Πψ(r)], (18)
with Π = −i~∇ + 2eA and ψ(r) = ∆(r)/V ; α and η
being the corresponding expansion parameters; A stand-
ing for the magnetic vector potential. In the presence of
the SOC, one can replace A by As with As = γs for the
Dresselhaus SOC and s representing the spin vector of
electrons. Then, terms related to the SOC in Eq. (18)
are written as
Fs = Re[∆
∗(r)2eAs · (−i~∇)∆(r)]
mV 2
+
e2|As∆(r)|2
mV 2
=
2e~γ|∆q|2
mV 2
s·q+ 2e
2γ2|s∆q|2
mV 2
, (19)
where we have applied ∆(r) = ∆qe
iq·r in Eq. (19). With
the magnetic field, the spin vector s is anti-parallel to hB.
Hence, to obtain the free-energy minimum, the induced
CM momentum q should be parallel to the magnetic field
(z direction), in accord with the type I pairing (in favor
of q = qcz).
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FIG. 3: (a): magnetic-field dependence of ∆q. The verti-
cal dashed (chain) line indicates the BCS state (crossover
between the drift-BCS and FFLO states). The inset (I)
in (a) shows the CM momentum as function of magnetic
field. The inset (II) in (a) exhibits δEq versus q = qz at
different magnetic fields. The results in inset (b) is renor-
malized by the maximum of |δEq| for each magnetic field.
q0 =
√
2m∗(EF + hB) −
√
2m∗(EF − hB). (b) [(c)]: sin-
glet correlations in the momentum space at hB = 0.9∆0
(hB = 1.1∆0).
6B. Phase diagram
In this part, we discuss the phase diagram of the su-
perconducting state. The magnetic field dependences of
the order parameter ∆q and CM momentum q = qz
are plotted in Fig. 3(a) and the inset (I) of Fig. 3(a),
respectively. In the calculation, q is chosen at the mini-
mum of δEq. As seen from Fig. 3(a) and inset (I), with
the increase of magnetic field from zero, before reach-
ing hB = ∆0, the order parameter decreases slightly
[Fig. 3(a)]. In the same time, a CM momentum is in-
duced and increases from zero [inset (I)], similar to the
gapped FFLO state in the previous works75–78 mentioned
in the introduction. Nevertheless, by plotting the sin-
glet correlation at hB = 0.9∆0 in Fig. 3(b), it is seen
from the figure that two separated and complete circles
with finite ρsq(k), corresponding to type I (large k) and II
(small k) pairings, are observed due to the presence of the
SOC, and no unpairing region with vanishing ρsq(k) ap-
pears when hB < ∆0. As mentioned in the introduction,
it is more appropriate to refer to such superconducting
state in which the CM momentum is induced but no un-
pairing region is observed, as the drift-BCS state, since
the induced CM momentum at small magnetic field here
arises from the energy-spectrum distortion by the mag-
netic field and SOC as mentioned in Sec. III A, resem-
bling the intravalley pairing in graphene92 and transition
metal dichalcogenides,93 and hence has different origin
from the case in the conventional FFLO state without
SOC.31. Particularly, since this drift-BCS state occurs
at small magnetic field, it can inherently survive against
the orbital depairing effect.
By further increasing the magnetic field, abrupt sup-
pression on the order parameters [shown in Fig. 3(a)] and
enhancement of the CM momenta [shown in the inset (I)
of Fig. 3(a)] are observed before and after hB ≈ ∆0, in-
dicating the first-order phase transition at the crossover.
The abrupt changes can be understood from the inset
(II) of Fig. 3(a) where we plot the energy differences δEq
versus q = qz at different magnetic fields. From the in-
set (II), it is seen that when hB < ∆0, the minimum
of δEq sits near q ≈ 0 (brown dashed curve), and the
minimum position qm increases with the magnetic field
by comparing the brown dashed curve at hB = 0.6∆0
with the black chain one at hB = 0.8∆0. Whereas with
the increase of magnetic field when hB ≥ ∆0, δEq≈0 in-
creases and then the minimum of δEq appears around
q ≈ 0.45q0, leading to abrupt changes of the order pa-
rameters and CM momenta before and after hB ≈ ∆0.
Moreover, we plot the singlet correlation when hB > ∆0
in Fig. 3(c). In comparison with the two complete circles
of singlet correlations at hB < ∆0 [Fig. 3(b)], in the case
with hB > ∆0 [Fig. 3(c)], the inner circle (type II pairing)
is broken around kz axis whereas the outer circle (type
I pairing) survives since the CM momentum is along the
favorable orientation to type I pairing (Sec. III A). The
appeared regions with the destroyed singlet correlations
in this situation, known as the unpairing ones, are the
hallmark of the emergence of the FFLO state.31
FIG. 4: (a): quasiparticle electron and hole energy spectra
along kz direction; (b) [(c)]: distribution of the quasiparti-
cle electron nf (E
e
−k) [hole nf (E
h
+k)] in the momentum space
at hB = 1.1∆0. It is also found that nf (E
e
+k) = 0 and
nf (E
h
−k) = 1 in the momentum space.
The destruction mechanism of the singlet correlation
for the inner circle around kz axis can be understood
as follows in a special direction. With the induced CM
momentum pointing to kz direction (in Sec. III A), along
kz, one has hk = γ(kx, ky, kz) = γ(0, 0, kz) where the
spin-flip terms of the SOC are zero, and then the singlet
correlation can be simplified into
ρsq(k) = Tr
{
2∆q[nf (E
h
σ3k
)− nf(Eeσ3k)]√
(ξk + σ3γkz)2 + |∆q|2
}
. (20)
Here, the quasiparticle electron and hole energy spectra
are written as:
Eeσ3kz =
√
(ξk + σ3γkz)2 + |∆q|2 + kzq
m∗
+ µΩqz, (21)
Ehσ3kz = −
√
(ξk + σ3γkz)2 + |∆q|2 + kzq
m∗
+ µΩqz.(22)
which are plotted Fig. 4(a). When kz > 0, the max-
imum of factor ∆q/
√
(ξk + σ3γkz)2 + |∆q|2 occurs at
large (small) kz for σ3 = −1 (σ3 = 1) in the summa-
tion of Eq. (20). Hence, σ3 = −1 (σ3 = 1) makes the
main contribution to the outer (inner) circle of the sin-
glet correlation, e.g., type I (II) pairing, in accord with
the pairing spin-down electron 4 (spin-up one 3) in Fig. 2.
7In this case, for σ3 = −1, as shown in Fig. 4(a), one al-
ways has Ee− > 0 (red solid curve) and E
h
− < 0 (green
dotted curve), and hence nf (E
h
−k)− nf (Ee−k) = 1, lead-
ing to the finite ρsq for the outer circle. Whereas, for
σ = 1, there exists the region where the quasiparticle
hole energy is larger than zero (Eh+ > 0) when kz > 0,
as shown by blue dashed curve. This is due to the in-
duced CM momentum, similar to the conventional FFLO
state.31 Together with Ee+ > 0 (brown chain curve), one
has nf (E
h
+k) − nf (Ee+k) = 0 in this region, leading to
the open inner circle of the singlet correlation and hence
depairing effect of Cooper pair.
By using the similar analysis, the case with kz < 0 can
also be understood. The Fermi distributions of quasipar-
ticle electron and hole in the entire momentum space are
plotted in Figs. 4(b) and (c) from full numerical results,
respectively. It is found there exist two arc regions with
either quasiparticle electron energy below zero or quasi-
particle hole one larger than zero, which exactly corre-
spond to the regions with vanishing singlet correlation for
the inner circle shown in Fig. 3(c), in consistence with the
analysis above.
Furthermore, it is noted that the emerged FFLO state
in our work corresponds to the gapless one mentioned in
the introduction,75–78 since the gapless quasiparticle en-
ergy spectra |Ee/hk | = 0 revealed in the gapless FFLO
state75–77 indicate the emergence of the unpairing re-
gions. By the detailed study of the SOC dependence
(refer to Appendix), enhanced Pauli limit and hence en-
larged magnetic-field regime of the emerged FFLO state
by the SOC is also observed in our work. We further
show that this enhancement of the Pauli limit is due to
the spin-flip terms of the SOC, which suppress the un-
pairing regions (also addressed in Appendix).
C. Triplet Correlation and Cooper-Pair Spin
Polarization
In this section, by studying the induced p-wave triplet
correlations in the pairing regions thanks to the bro-
ken space-inversion symmetry by SOC, we show that
the Cooper-pair spin polarization,2,3,94,95 which is pre-
dicted to be induced by the magnetic field and CM
momentum,95 exhibits totally different magnetic-field de-
pendences in the drift-BCS and FFLO states due to the
abrupt changes of the order parameters and CM mo-
menta. This provides a scheme to experimentally dis-
tinguish these two phases through the reported magne-
toelectric Andreev effect,94–96 in addition to the phase
transition.
1. Triplet Correlation
We first discuss the triplet correlations. Specifically,
with the broken space-inversion symmetry by the SOC,
p-wave triplet correlations are induced, plotted in Fig. 5
FIG. 5: (a)-(f): momentum dependence of ρts=0 and ρ
t
s=±1 in
the drift-BCS state at hB = 0.9∆0 and FFLO one at hB =
1.1∆0 correspondingly. (g): maxima of the singlet and triplet
correlations in the momentum space as function of hB . The
vertical chain line in (g) indicates the crossover between the
drift-BCS and FFLO states.
at different magnetic fields. From the figure, it is seen
that in the drift-BCS state (hB < ∆0), two separated
and complete circles with finite ρts=0 [Fig. 5(a)], ρ
t
s=1
[Fig. 5(b)] and ρts=−1 [Fig. 5(c)] are observed in the mo-
mentum space, similar to the singlet case [Fig 3(b)].
Moreover, for either the outer or the inner circle, it is
seen that the triplet correlations show the p-wave char-
acters: ρts=0∝hkz and ρts=±1 ∝ ihky∓hkx, in agreement
with the previous works.4,7,11,12 As for the FFLO state
8(hB > ∆0), as shown in Figs. 5(d), (e) and (f), the in-
ner circles of the triplet correlations are open, similar to
the singlet case [Fig 3(c)]. Then, the triplet correlations
are only observed in the pairing regions, resembling our
previous work.12
The magnetic-field dependences of the maximum of the
singlet and triplet correlations in the momentum space
are plotted in Fig. 5(g). From the figure, it is seen that
in either the drift-BCS state (hB < ∆0) or the FFLO
one (hB > ∆0), ρ
t
s=0 (dashed curve with dots) and ρ
t
s=1
(dashed curve with triangles) are comparable to the sin-
glet one (solid curve with crosses) when hB < 1.7∆0.
Moreover, it is also noted that ρts=1 6= ρts=−1 when
hB 6= 0, indicating the generation of the Cooper-pair spin
polarization by the magnetic field and CM momentum,
as predicted in the previous work by Tkachov.95
Nevertheless, even with the large p-wave triplet cor-
relations (compared with the singlet one) and the gen-
eration of the Cooper-pair spin polarization, the p-wave
spin-polarized superfluid is still absent, because of the
vanishing p-wave triplet order parameter:
∆t(k) =
∑
k′
Vk−k′ρ
t(k′), (23)
by the s-wave attractive potential Vk−k′ = V and p-wave
character: ρt(k′) = −ρt(−k′). However, it is proposed
recently in ultracold atom systems104,105 that in the pres-
ence of the triplet correlation, one can rapidly introduces
k-dependent attractive potential Vk−k′ through the Fes-
hbach resonance, and then non-vanishing p-wave super-
fluid is immediately obtained, at least just after the intro-
duction of the potential. With this approach, the p-wave
spin-polarized superfluid can be expected in the spin-
orbit coupled ultracold atom systems with a magnetic
field, according to our results and analysis above.
2. Cooper-Pair Spin Polarization
Next, we show that due to the abrupt changes in or-
der parameters and CM momenta between the drift-BCS
and FFLO states, the induced Cooper-pair spin polariza-
tions mentioned in Sec. III C 1, exhibit totally different
magnetic-field dependences in these two phases.
Specifically. as mentioned in Sec. III C 1, with the in-
duced triplet correlation, the Cooper-pair spin polariza-
tions, defined as2,3,94,95
Pc(k) = |ρts=1(k)|2 − |ρts=−1(k)|2, (24)
are induced by the magnetic field, plotted in Fig. 6 at
different magnetic fields. As seen from the figure, in
the drift-BCS state [Fig. 6(a)] and pairing regions of
the FFLO one [Fig. 6(b)], it is seen that Pc(k) ∝ k2x,
which can be understood from Eq. (14). Specifically,
from Eqs. (14) and (24), one has
Pc(k) ∝ |f↑↑(0,k)|2−|f↓↓(0,k)|2 = if tq(0,k)×f tq∗(0,k)|z.
(25)
FIG. 6: Momentum dependence of Cooper-pair spin polariza-
tion in (a) the drift-BCS state at hB = 0.9∆0 and (b) FFLO
one at hB = 1.1∆0.
Then, from Eq. (11), one immediately finds that
Pc(k)∝[hk × (hk ×Ωq)]z |∆q|2 = (h2kx + h2ky)Ωqz|∆q|2,
(26)
in accord with the numerical results (Fig. 6).
The magnetic-field dependence of the maximum of the
Cooper-pair spin polarization Pmaxc in the momentum
space is plotted in Fig. 7. As seen from the figure,
with the increase of hB, in comparison with the linear
increase of Pmaxc in the drift-BCS state (hB < ∆0), non-
linear increase of Pmaxc is observed in the FFLO one
when hB < 1.5∆0. The totally different magnetic-field
dependences of the Cooper-pair spin polarization before
and after the phase transition at hB = ∆0 provide a
scheme to experimentally distinguish the drift-BCS and
FFLO states through the reported magnetoelectric An-
dreev effect,94–96 in addition to the phase transition.
Moreover, by further increasing the magnetic field af-
ter 1.5∆0, it is seen that P
max
c markedly decreases and
hence a peak, as a unique feature of the FFLO state, is
observed.
From Eq. (26), the magnetic-field dependence of Pmaxc
can be clearly understood. Specifically, in the drift-BCS
states (hB < ∆0), with Ωqz ≈ hB and the marginal
variation of ∆q [Fig. 3(a)], P
max
c increases linearly with
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FIG. 7: Maximum of Cooper-pair spin polarization in the
momentum space versus magnetic field. The inset shows
Pmaxc /|∆q|
2 as function of hB . The vertical dashed line indi-
cates the crossover between the drift-BCS and FFLO states.
hB. As for the FFLO state, with the increase of hB at
∆0 < hB < 1.5∆0, although ∆q is suppressed [Fig. 3(a)],
Ωqz (∝= hB + hqz) is markedly enhanced due to the in-
creased CM momentum q [inset (I) of Fig. 3(a)]. By
the stronger enhancement from Ωqz than the suppres-
sion from |∆q|2 in Eq. (26) at ∆0 < hB < 1.5∆0, Pmaxc
increases nonlinearly with hB. This can be justified by
plotting Pmaxc /|∆q|2 (∝ Ωqz) versus hB in the inset of
Fig. 7, from which it is seen that Pmaxc /|∆q|2 is markedly
enhanced at ∆0 < hB < 1.5∆0. By further increasing hB
after 1.5∆0, q becomes saturated at 0.47q0z [inset (I) of
Fig. 3(a)], and hence the suppression of ∆q leads to the
marked decrease of Pmaxc .
IV. SUMMARY
In summary, we have systematically investigated the
properties of the FFLO state with an induced CM
momentum in the spin-orbit-coupled superconductor
Li2Pd3B in the presence of the magnetic field. Differ-
ing from the previous theoretical works74–78 where the
study is based on the numerical calculation of the free-
energy minimum with respect to the CM momentum and
order parameter, in our work, by analytically obtaining
the anomalous Green function and hence the gap equa-
tion, the superconducting state can be determined by
computing the energy minimum with respect to a single
parameter, i.e., the CM momentum. Moreover, from the
obtained anomalous Green function, properties of the su-
perconducting state including quasiparticle energy spec-
tra, singlet and triplet correlations, behaviors of the CM
momentum and order parameter at the phase transition
are also addressed in our work.
Specifically, it is found that with the SOC, the CM
momentum parallel to the magnetic field is induced at
small magnetic field, similar to the gapped FFLO state
in the previous works.75–78 Nevertheless, we have shown
that two complete circles of the singlet correlation due
to the SOC are observed in the momentum space, and
no unpairing region with vanishing singlet correlation
appears. This is very different from the conventional
FFLO state without SOC, where the CM momentum is
induced simultaneously with the emergence of the un-
pairing regions.31 By further studying the pairing mech-
anism, it is shown that the induced CM momentum
with SOC at small magnetic field is due to the energy-
spectrum distortion, resembling the intravalley pairing in
graphene92 and transition metal dichalcogenides,93 and
hence has different origin from the case in conventional
FFLO state.31 Therefore, it is more appropriate to refer
to such superconducting state, in which the CM momen-
tum is induced but no unpairing region is developed, as
the drift-BCS state. By further increasing the magnetic
field, abrupt enhancement of the CM momenta and sup-
pression on the order parameters are observed, indicating
the occurrence of the first-order phase transition. Partic-
ularly, we find that open circle of the singlet correlation,
i.e., unpairing region with vanishing singlet correlation,
is induced after the phase transition, showing the emer-
gence of the FFLO state. It is further shown that induced
unpairing regions arises from the quasiparticle electron
and hole with energies below and larger than zero, re-
spectively, indicating the emerged FFLO state here cor-
responds to the gapless one in the previous works.75–78
Enhanced Pauli limit and hence enlarged magnetic-field
regime of the emerged FFLO state are also observed in
our work, and we demonstrate that the enhancement of
the Pauli limit is due to the spin-flip terms of the SOC,
which suppress the unpairing regions.
Finally, we discuss the triplet correlation induced by
the SOC, and show that in the presence of the triplet cor-
relation, the Cooper-pair spin polarizations,2,3,94,95 in-
duced by the magnetic field and CM momentum, exhibit
totally different magnetic-field dependences between the
drift-BCS and FFLO states. This difference between
the drift-BCS and FFLO states, arising from the abrupt
changes in order parameters and CM momenta, pro-
vides a scheme to experimentally distinguish these two
phases through the reported magnetoelectric Andreev
effect,94–96 in addition to the phase transition.
Appendix A: SOC DEPENDENCE
In this part, we address the SOC dependence of the
superconducting state. The magnetic field dependences
of the order parameter ∆q and CM momentum q = qz
are plotted in Fig. 8(a) and the inset of the same figure
at different SOCs, respectively. As seen from the figure,
with the increase of the SOC strength, the Pauli limit is
enhanced and hence the regime where the FFLO occurs
10
 0
 0.4
 0.8
 1.2
∆ q
α=5.0
2.0
0.2
0.1
(a)
 0
 0.2
 0.4
 0  0.5  1
q
/q
0
hB/∆0
 0
 0.4
 0.8
 1.2
 0  0.5  1  1.5  2  2.5  3
∆ q
hB/∆0
hk=γk 
hk=γkz
(b) α=1.0
FIG. 8: (a): ∆q versus hB at different SOCs. The inset shows
q = qz as function of hB at different SOCs. In the calculation,
γ = αγ0 with γ0 being the SOC strength in Li2Pd3B. (b): ∆q
versus hB at α = 1. Triangles (Squares) in (b): the spin-flip
terms of the SOC are included (removed) by setting hk = γk
(hk = γkzz).
is enlarged, in accord with the previous experiments82–85
and prediction.74
The enhancement of the Pauli limit is due to the spin-
flip terms of the SOC (perpendicular to hB). This can
be seen from Fig. 8(b) where we plot ∆q versus hB with
and without the spin-flip terms of the SOC. From the
figure, it is seen that in comparison with the case at
hk = γk (triangles), in the situation without the spin-
flip terms of the SOC (hk = γkzz), as shown by squares,
the Pauli limit is markedly suppressed and the FFLO
state occurs in a narrow magnetic-field regime. This is
because that away from the kz axis, the spin-flip terms of
the SOC couple the quasiparticle electrons Ee+k and E
e
−k
(holes Eh+k and E
h
−k) with different spin polarizations in
Fig. 4(a). Consequently, due to Ee+k > 0 (E
h
−k < 0)
shown in Fig. 4(a), the regions with Ee−k < 0 (E
h
+k > 0)
mentioned in Sec. III B, i.e., the unpairing regions, are
suppressed, leading to the suppressed Pauli limit.
Furthermore, it is noted that at very small SOC γ =
0.1γ0 (shown by triangles), the FFLO state occurs in
a narrow regime 0.7∆0 < hB < 0.8∆0, close to the
conventional FFLO one without SOC (0.66∆0 < hB <
0.8∆0).
31 With the increase of the SOC, the variation
of ∆q at the phase transition between the drift-BCS and
FFLO states is suppressed. Particularly, when we extend
to a large SOC γ = 5γ0 [shown by pentagons in Fig. 8(a)],
the variation of ∆q at the phase transition (hB = ∆0) be-
comes nearly indistinguishable but still exists. This case
is very similar to Fig. 4(b) in Ref. 75. This suppressed
variation of ∆q at the phase transition is due to the en-
hancement of the CM momentum in the drift-BCS state
by the SOC, leading to the close CM momenta between
the drift-BCS (hB < ∆0) and FFLO (hB > ∆0) states,
as shown by pentagons in the inset of Fig. 8(a).
Nevertheless, with the larger SOC γ > 5γ0
(∆0 ≪ γkF ), the mean-field theory ∆q =
−V ∑′k〈φ↑k+qφ↓−k+q〉 in colinear space is inappropri-
ate due to the large spin-flip terms of the SOC. In this
case, pairing mechanism and the generation of the CM
momentum should be discussed in the helix space, which
is beyond the scope of our work.
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